The atmospheric scattering of light has a significant influence on results of optical observations of air showers. It causes attenuation of direct light from the shower, but also contributes a delayed signal to the observed light. The scattering of light therefore should be accounted for, both in simulations of air shower detection and reconstruction of observed events. In this work a Monte Carlo simulation of multiple scattering of light has been used to determine the contribution of the scattered light in observations of a point source of light. Results of the simulations and a parameterization of the angular distribution of the scattered light contribution to the observed signal (the point spread function) are presented.
Introduction
The observation of light produced by an extensive air shower is one of the established methods of detection of ultra-high energy cosmic rays. As the cascade of energetic charged particles of an air shower, initiated by a highly energetic primary cosmic ray particle, moves through the air, it produces a large number of fluorescence and Cherenkov photons [1, 2, 3] . The intensity of the fluorescence light [4, 5] is proportional to the size of the air shower at any point of its trajectory, therefore observations of light along the shower path enable determination of a profile of air shower development, which provides information about the properties of primary cosmic ray particles. If sufficiently large portion of air shower development is observed, it is possible to obtain by simple integration a very precise, model independent estimation of energy of the primary cosmic ray particle. Properties of air showers differ for different primary particles, therefore the observed profiles of air shower development, especially the atmospheric depth where the number of particles in the shower reaches its maximum, provide valuable information about cosmic ray composition.
While the direct fluorescence light can be regarded as a signal that can be easily interpreted, there are also other contributions to the observed light. The Cherenkov light is emitted mostly at small angles relative to the shower axis, and so only in small fraction of events, when the air shower direction points very close to the detector, it is observed directly in significant amounts. However, both the Cherenkov photons as well as the isotropically emitted fluorescence photons, regardless of their initial directions, can get scattered in air, and with some probability be directed towards the detector. This scattered light is delayed with respect to the direct light emitted simultaneously, and it may also come from different directions, according to the position where the photons last scattered. As the shower progresses, the scattered light emitted at different times and positions along the shower path overlay each other, forming a halo that follows the image of the air shower on the sky. Indeed, a faint signal is recorded from directions distant from the location of the light source [6, 7, 8] . Until now there is no conclusive explanation of this observed halo. Different effects are investigated as potential sources of this halo: the properties of the detector itself, and also the light scattering in different atmospheric conditions. In particular the aerosols of large sizes may be responsible for at least a part of this effect [9] .
Previous analyses [10, 11, 12] focused on describing the contribution of the scattered light to the observed shower image integrated within some radius around the center of the shower image. In this case a light source moving with the speed of light through the atmosphere is considered. The longitudinal shower profile and different geometries of observation are considered, according to the conditions at which the real air showers are expected to be observed. This integral contribution needs only to be known in a small region of the sky around the position of the air shower, at the same time when the shower is observed.
The aim of this work is to describe a more general case of a point-like, stationary light source. Assuming a finite emission time, the propagation of light in the atmosphere is simulated, giving information about the distribution of light that is observed by a distant detector at different moments of time. In simulations of air shower detection, one calculates the light emitted at different points along the shower path, and based on this the signal recorded by the detector is calculated. Previous parameterizations of the total (integrated) signal of scattered light that arrives to the detector, including contributions from different points of emission, can not be applied. In this case only parameterization of scattered light from a point source can be applied -combined with distribution of emission along the shower path it will enable more accurate simulations of air shower observations. Another application of such parameterization is in analysis of dedicated measurements of the detector response done with the help of airborne light sources. As mentioned above, such measurements are done [7, 8] , and a description of scattered light from a point source is necessary for their interpretation. The point spread function, which we developed in this work, describes the distribution of the scattered photons on the sky as a function of time. This function describes the light as it arrives to the detector, without simulating the detector response. To be most useful, such a parameterization needs to cover not only the immediate vicinity of the light source location, but also more distant areas of the sky, because for a moving source, the most important area will shift correspondingly. The distributions of the scattered light must be described not only at a single time bin simultaneous with the observation of the shower at the same direction, but for a more extended period of time. This is necessary, because we need to know the different contributions (with different individual delays, and different times of emission) that coincide at the moment of observation. The parameterization developed in this work requires only a few basic parameters describing the conditions of observation, so it can be easily integrated into any computer program dedicated to studies of light sources in the atmosphere. Its application should help decrease the systematical uncertainty of the energy estimations in air shower experiments using fluorescence detectors.
While this work is dedicated to study the effects of scattering of light, it is worth noting that also absorption should be taken into account. This however would require detailed knowledge about aerosols at the sites of observation, since absorption depends on aerosol composition, as well as the light wavelength.
Simulations
In this work we used the "Hybrid fadc" program [13] , which was originally designed to simulate air showers. In this framework a Monte Carlo program has been previously developed for the analysis of multiple scattering of light and its effects on observations of air showers [11] . A new version of this program was prepared, which allows us to simulate a point source of light and the subsequent propagation of photons through the atmosphere, and finally to obtain the distribution of light arriving at a detector.
The location of the light source must be chosen, specified by distance from the location of the detector and altitude above ground. The amount of light emitted can also be specified, although in our analysis this value is not important since all scattered signals were considered as relative to the intensity of the light coming directly from the source. Also the duration of emission can be chosen: an instantaneous emission, or a continuous one for any time period. In all our analysis the emission was assumed to be isotropic, imitating fluorescence emission from air showers, but it would be also possible to start with another angular distribution of emission if required. The detector that records the light is located at the ground level, and the observed light is recorded in simulation as it arrives at a selected positionwithout effects of the observation process itself, which would be different for specific detectors. The ground level was set at an altitude of 1570 m above sea level, which is roughly the mean of the altitude range of fluorescence detectors of HiRes and Pierre Auger Observatory.
In the simulation, packets of photons are traced on their way through the atmosphere. For any direction the conditions along the path of photons (the density of scattering centers), and based on that distances at which scattering occurs are randomly chosen -one for Rayleigh scattering and one for scattering on aerosols only. From these two distances, the one which occurs closer to the starting point is taken as the one that really takes place -this way not only the position, but also the process responsible for the individual scattering is determined. The light may get scattered on air molecules, which is described by the Rayleigh scattering, or on aerosols, which can be approximated by different models of aerosols in the framework of Mie scattering. Once the random procedure determines the mechanism of scattering, it is possible, based on the angular distribution and distance to the detector, to calculate what fraction of the scattered light is observed. In order to trace those photons of the scattered packet that were not directed to the detec-tor, it is assumed that they continue their flight together. For such a smaller packet the calculations are repeated several times to account for further scatterings. The program then records distributions on the sky of arriving light, separately for different time bins after the start of observations.
In the simulation it may happen that the point of scattering is randomly placed very close to the detector. In such a case, the geometrical factor (distance squared) causes that a very large fraction of the scattered photon packet is recorded from this single direction and stands out in the final results. To minimize this effect, all simulations were repeated ten times for identical geometries and atmospheric conditions, and the results were averaged.
In our analysis the source was assumed to emit the monochromatic light of 370 nm wavelength, which is in the near ultraviolet range used in fluorescence detectors of air showers. 100 ns was used as the length of time bins for collection of light at the detector -this is of the order of time resolution of fluorescence detectors of air showers [1, 2, 3] . As we aim to model the conditions of observation of air showers, where the observed light intensity varies relatively slowly in this time scale, the light is assumed to be emitted with constant intensity. To enable easy integration of signals with different delays, the light is emitted also over the period of 100 nanoseconds.
The simulations were done using an atmosphere described by the US Standard Atmosphere Model [14] . Aerosols were assumed to have a simple exponential vertical distribution, with height scale of 1.2 km. As it was shown [11] , different distributions of molecular atmosphere and aerosol scale heights have no significant effects on the results, when the difference in optical distance is taken into account. Various light attenuation lengths at ground level Λ T correspond to different concentrations of aerosols in air, from a dirty atmosphere in which the scattering is dominated by aerosols to almost purely molecular one.
The light scattering simulations were done for an extensive set of atmospheric conditions and geometries, namely for all combinations of:
• horizontal distance from the detector: 3, 7, 15, 25, 35 km;
• altitude above ground: 1, 2, 3, 4, 5, 6, 7, 10 km;
• total horizontal attenuation length Λ T : 6.6, 10, 12.6, 17, 19.9 km (they correspond to Λ M ie 9.6, 19.2, 32, 96 and 480 km respectively for a constant Λ Rayleigh equal 20.7 km);
• four different aerosol phase functions.
To investigate how aerosols of different sizes scatter the light, we have used different aerosol phase functions (i.e. angular distributions of scattering). And so we used the phase function that was used in our previous analyses [11, 13] , which is based on the desert aerosol phase function of [15] (Longtin phase function), and also three more described by a modified Henyey-Greenstein function [16, 17] 
The parameter g = cos α describes the asymmetry of the scattering distribution in the forward/backward direction and its value is determined by size of aerosols that are present in the air at the moment of observation. Larger values of parameter g 0.8 correspond to a mean aerosol size of several micrometers, while smaller values of g describe scattering on smaller, submicron aerosols. It is worth noting that the relation between g and mean aerosol size is wavelength dependent, which means that for observations in identical atmospheric conditions different values of the g parameter apply to different light wavelengths [18, 19] . In this analysis we have repeated all simulations for aerosol phase functions corresponding to g equal to 0.1, 0.5 and 0.9. The parameter f describes the small backward scattering peak, not accounted for by the original Henyey-Greenstein function [16] . All simulations were done for f = 0.4, which best describes the observed properties of scattering on aerosols (large f may result in negative values of the phase function, but for the value used it is not the case). All phase functions used in simulations are shown in fig. 1 .
Results of simulations
As a result of the simulation, we get a series of distributions of light on the sky, describing the image that can be observed by a detector, in different time bins of 100 ns length. The light was recorded for a total time of 5 µs, starting from the moment when the first direct photons arrive at the detector (t = 0). Our previous work [11] showed that the image formed by the scattered light on the sky is with a good approximation radially symmetrical, with the center at the position of the light source. Therefore, instead of a twodimensional image of the sky, we may consider the radial distribution, as a function of angle ζ from the location of the light source on the sky.
To allow an easy comparison, the scattered light contributions presented in this work are calculated relative to the direct signal received from the light source. This direct signal is calculated based on the distance from the detector, and accounts for attenuation of light due to scattering of light along its path. Since the simulated light source emits for a period of 100 ns, this means that only in the first time bin one could really compare the intensities of light. In later time bins no direct light is received, but for the sake of uniform normalization, the scattered light contribution in all time bins is calculated relative to the direct light in the first time bin.
An example of the scattered light distributions produced by simulations for one geometry and one atmosphere is presented in fig. 2 . On this and other plots the ratio of scattered to direct light is presented. This ratio has no physical units, but one should keep in mind that it is calculated for 100 ns time bins and per unit square degree of solid angle. The logarithmic scale demonstrates that the intensity of light falls off steeply with the distance from the center of the image. This is seen most prominently in a few first time bins of observation. Because of the short time elapsed since the start of the emission, the light can not travel far off, so the signal is dominated by photons scattered by small angles, traveling close to the direct sourceto-detector line. For later time bins, the scattered signal fades down slowly with angle, and is no longer so strongly peaked at the center of the image. 0 < t < 100 ns 1000 < t < 1100 ns 2000 < t < 2100 ns 3000 < t < 3100 ns 4000 < t < 4100 ns 4900 < t < 5000 ns The results of the simulations allow one to quickly estimate how important is the effect of multiple scattering in different conditions. Our previous analysis [11] showed that the most significant contribution of scattered light is observed for large distances and small altitudes. This has been confirmed in the current simulations. For the Longtin aerosol phase function, in the central region of a radius of 1
• , the integrated scattered signal reaches about 1% intensity of the direct signal for the most distant sources (35 km); for smaller distances (≃ 10 km) this contribution is smaller, of the order of 0.5%. One should remember, that in air shower observations the energy estimations are based on the measured light intensity, and accounting for the scattered light causes a corresponding shift of the energy scale. The largest contributions occur only for a short time after the start of observation, when the light is strongly peaked at the center of the image, and so increasing the opening angle does not lead to a proportional increase of the signal: within a radius of 5
• it may be about twice as large as within 1
• . Only a few degrees off the center, the intensity of scattered light falls by an order of magnitude. After the light source stops emitting, the scattered light signal falls down, by about an order of magnitude within the first microsecond. To see what is the effect of the aerosol phase function on the observed scattered signal, we can compare the results from respective simulations. In fig. 3 are shown results from simulations at exactly the same geometries and aerosol concentrations, only the aerosol phase functions were different. These distributions differ in amplitude of the forward scattering peak, and so at the start of observations, when mainly scattering by small angles contributes to the signal, also the effects of different phase functions are most prominent. The phase functions with stronger forward peak cause also larger contributions of scattered light: for the Henyey-Greenstein function with parameter g=0.1 the scattered light signal is the smallest (less than 1% in the central circle of 1
• in all conditions), while for g=0.9 it is significantly larger (in extreme cases more than 10% within radius of 1
• ).
Parameterization of contribution from scattered light
It is possible to make dedicated simulations of the scattering of light for each experimental setup, but it would require much time to investigate all conditions, at which showers are observed. In a general case of extensive calculations, in various geometries and atmospheric conditions, a parameterization is required. Such a parameterization should allow the experimenters to quickly calculate the distribution of scattered light based on a set of parameters that describe the conditions of the observation.
The parameterization must describe the distributions of light on the sky, preferably not only in the vicinity of the location of the source, but also for more distant areas. In this study many mathematical functions of different forms were examined, to find out which could best match the scattered light distributions at all the different conditions of observation. A feature that proved to be the most difficult to describe was the change of the distribution shape in time. As it was mentioned before, at the start of the observation the scattered light is strongly collimated near the location of the source; later the distribution becomes wider, with smaller central peak. No single simple function could satisfactorily describe the shape of the distribution at all times of observation, therefore after investigating an extensive set of potentially matching formulas, two functions were chosen to parameterize the scattered light distributions. For times of observation greater than 200 ns, a sum of two exponentials of form M 2 = D exp(Eζ) + F exp(Gζ) + H is used. It describes well the shape of the distribution in this longer period of time (fig 4) . Another function, of the form M 1 = Aζ B + C is used for the first 200 ns. It matches well the strong peak of scattered light in the initial time bins of the observation (fig 5) . We remind the reader that M 1 and M 2 represent the distribution of the scattered light normalized by the intensity of the direct light in the first time bin.
The M 1 and M 2 functions describe the intensity of scattered light from different directions, arriving simultaneously to a detector located on the ground. The complete parameterization must also include other parameters, that describe the conditions of observation, as well as time. Our previous analysis [11] had shown that the altitude above ground and the optical distance from source to detector can be used to parameterize the contribution of scattered light. Using the optical distance τ measured in units of mean free path, rather than the geometrical distance in kilometers, allows us to include uniformly simulations for different atmospheric conditions (aerosol concentration), without need for another parameter. It also enables using these results, that are obtained from simulations of a monochromatic light source, to sources of various spectra, after correcting the optical depth for different wavelengths.
The final parameterizations are functions of angle ζ from the center of the image, time t from the start of observation, the source altitude above ground h and the optical distance τ for the line between the source and the detector. Once the form of the parameterization M 1 and M 2 as functions of angle ζ were chosen, the dependence of their parameters (A through H) figure 6 . The fit has been performed on data reaching out to 90
• off the image center, however it is most accurate out to angle ζ of about 20
• . Beyond 20
• the fit may deviate from the simulated distributions by even an order of magnitude, but considering that the intensity of the scattered light at such angles (10 −5 or less of the direct light) is practically unmeasurable, this shouldn't cause any significant error in practical applications. For larger distances, corresponding to τ 0.25, the parameterization can be used reliably: typically at the image center (within ≃ 5
• ) the deviations are smaller than 20 %, further out to about 20
• , where the signal itself is much smaller, the fit does not deviate by more than a factor of 2. However, for the smallest distances (τ 0.25) the fit can deviate from the simulations also for smaller ζ angles: already at a radius of about 5
• the difference can be as large as 100 %, so one should be cautious when using the parameterization.
The signal due to the scattered light calculated with this parameterization for time t gives the intensity, per deg 2 , in the period of time (t, t+100 ns). The length of a time bin in this simulation was 100 ns, and so the results describe the observations with such resolution. When applying this parameterization to studies with time bins other than 100 ns, one should be careful, especially considering the short time at the start of observation, when the changes in the distribution of light are most rapid.
Conclusions
The parameterization obtained in this work describes blurring of the image of point source of light (the point spread function) due to multiple scattering as a function of time, distance of propagation in the atmosphere, and altitude of the light source, for different aerosol phase functions (i.e. different aerosol sizes). It is normalized respectively to the direct light, therefore it is independent of the source brightness. The parameterization of the signal from multiple scattering of light in air has been developed based on an extensive set of simulations. To describe with a satisfying accuracy the distributions of light over large area of sky at different conditions and their changes in time, it was necessary to use a parameterization of a rather complicated form. Nevertheless, once the formula is implemented into a computer program, it enables easy and fast calculations of scattered light signal, from only few parameters describing the conditions of observation. It can be used in simulations of extensive air shower observations or any other observations of light sources in the atmosphere.
The parameterization describes the distributions of light arriving to a detector on the ground, independent of any properties of the detector itself. Therefore the parameterization can be applied in modeling observations in any optical detector. It will allow experimenters to better estimate the background of scattered light in the signal. Also, one can estimate the part of the signal that is lost in the detector in the pixels below the trigger level. As it was demonstrated with the help of previous studies on multiple scattering of light, this effect causes significant systematical changes of the energy estimations of air showers [20] , so using this parameterization will help decrease the uncertainty of air shower experiments using fluorescence detectors.
In this work we have investigated scattered light from an isotropic source. In case of the Cherenkov radiation the light emission is not isotropic, but highly collimated, so the geometry of scatterings is different, and it should be expected that the distributions of scattered light will also differ. Therefore the parameterization presented in this work can not be directly applied. The scattering of Cherenkov light and their impact on the atmospheric Cherenkov technique has been already investigated [21] . However, in this case the direct Cherenkov dominates the observed signal, while in air shower observations with fluorescence detectors in most cases not the direct, but scattered Cherenkov light contributes significantly. Detailed description of this effect would require a separate analysis that could be done using a modified version of our program. 
